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Abstract—This paper introduces a modified bat algorithm
using quaternion representation of individuals. Quaternions are
a number system, which extends complex numbers. They are
successfully applied to problems of theoretical physics and to
those areas needing fast rotation calculations. We propose the
application of quaternions in optimization, more precisely, we
have been using quaternions for representation of individuals
in bat algorithm belonging to a swarm intelligence family.
It is expected that the problems with stagnation in swarm
intelligence should be reduced or even eliminated. We believe
that this representation could successfully be applied also to
the other swarm intelligence and evolutionary algorithms.
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I. INTRODUCTION

The last decades, scientists tend to build an automatic
problem solver that would be able to solve different prob-
lems in computer science, mathematics, economy and en-
gineering. They often borrow a solutions from nature. For
instance, swarm intelligence (SI) is an artificial intelligence
(AD) discipline concerned with the design of intelligent
multi-agent systems that was inspired by the collective be-
havior of social insects like ants, termites, bees, and wasps,
as well as from other animal societies like flocks of bird
or shoals of fish [1]. Algorithms from this field have been
applicable primarily for optimization problems and robotics.
The more notable swarm intelligence disciplines are as
follows: Ant Colony Optimization (ACO) [4], [16], Particle
Swarm Optimization (PSO) [14], Artificial Bees Colony
optimization (ABC) [13], [6], Firefly Algorithm (FA) [20],
Cuckoo Search (CS) [24], Bat Algorithm (BA) [22], etc.

The representation of solution plays an important role
in the performance and quality of the swarm intelligence
algorithms. Therefore, the tasks of designing such algorithms
are to find a proper representation for the problem and
to develop appropriate search operators [18]. The proper
representation needs to encode all possible solutions of the
optimization problem. On the other hand, the appropriate
search operator should be applicable to the proper represen-
tation. In general, no theoretical methods exist nowadays for
describing the effects of representation on the performance.
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The proper representation of a specific problem mainly de-
pends on the intuition of the algorithm’s designer. Therefore,
developing a new representation is often a result of the
repeated ’trial-and-error’ principle.

This paper proposes a new representation for individuals
using quaternions that have at first time been used by
Fister et al. in [7]. In mathematics, the quaternions extend
complex numbers. Quaternion algebra is connected with
special features of the geometry of the appropriate Euclidian
spaces. The idea of quaternions occurred to William Rowan
Hamilton in 1845 [11] whilst he was walking along the
Royal Canal to a meeting of the Royal Irish Academy in
Dublin.

Quaternions are especially appropriate within those areas
where it is necessary to compose rotations with mini-
mal computation, e.g., programming the video games or
controllers of spacecraft [2]. For instance, 3-dimensional
rotation can be specified by a single quaternion, whilst a
pair of quaternions are needed for 4-dimensional rotation.
The quaternion calculus are introduced in several physical
applications, like: crystallography, the kinematics of rigid
body motion, the Thomas precession, the special theory
of relativity, and classical electromagnetism [10]. A step
forward in the popularization of quaternions was achieved by
Joachim Lambek in 1995 [17], who stated that quaternions
can provide a shortcut for pure mathematicians who wish
to familiarize themselves with certain aspects of theoretical
physics.

In this study, the representation of quaternions was tested
in a Bat algorithm [22] that obtains good results when
optimizing the low-dimensional problems, but become worse
when optimizing high-dimensional problems. The experi-
ments showed that the results of the Bat algorithm could
be improved when the same algorithm was hybridized using
the representation of individuals with quaternions (QBA).
Moreover, comparing the results of the QBA algorithm
with the results of other algorithms, like PSO, DE, and
ABC showed that these are also comparable with the other
algorithms in experiments.

The rest of this paper is as follows: In Section 2,
quaternion algebra is presented in detail. Section 3, firstly,
describes the Bat algorithm and then the modified QBA algo-



rithm when using representation with quaternions. Section 4
focuses on the experiments and results. This paper concludes
by summarizing our preliminary work on representation with
quaternions, and the direction for further work is pointed-
out.

II. QUATERNIONS

Quaternions are formal expressions ¢ = g + 211+ T2j +
xsk, where xg, x1, 2, x3 are real values and they constitute
the algebra over the reals generated by basic units i, j, k
(also the imaginary part) that satisfy Hamilton’s celebrated
equations:

ij =k, jk =1, ki = j,
ji = —k, kj = —i, ik = —j, (1)
PP=j =k =1

The quaternions ¢ € H describes a 4-dimensional space
R* over the real numbers. Using this notation, a pair of
quaternions is denoted as gy = xg + x1¢ + z2j + z3k and
q1 = Yo + Y1t + y24 + ysk. The quaternion algebra defines
the following operations on quaternions [5]:

o addition and subtraction: is defined by

qo £ q1 = (mo + z1i + z2j + x3k) £ (yo + Y1t + Y25 + y3k)
= (wo £ yo) + (z1 £ y1)i+ (z2 £ y2)j + (z3 £ ys)’f(-Z

o scalar multiplication: is defined over the basic units
i, J, k by Eq. (1).
o multiplication: of quaternions is defined by

q0q1 = (wo+x1i+z2j+ x3k)(yo + y1% + Y27 + y3k)

3)
Multiplication is not commutative because the product

qoq1 # q1qo in general.
e conjugate: is unary arithmetical operation defined by

¢ = (xo+x1i+22) +23k)" = 29 — 11 — X2J — T3k,
C))
The conjugate of quaternions satisfies the properties
(¢*)* = q and (q0q1)* = 345 -
o norm: is defined by

N(q) = N(mo + z14 + z2j + x3k) = (/a2 + 22 + 23 + 22. (®)]

The norm is a real-valued function that satisfies
the properties N(¢*) = N(g) and N(qoq1) =
N(qo)N(¢q1). This function is suitable for mapping
the elements of vector (individual, solution) from
4-dimensional quaternion in genotype space to 1-
dimensional real-valued element in phenotype space.

o multiplicative inverse: of quaternion g is denoted as ¢~
and has the property gqg~' = ¢~ !¢ = 1. It is constructed
as

1

g ' =q"/N(q), ©6)

where the division of a quaternion by a real-values
scalar is division of each component by norm. The
inverse operation satisfies the properties (¢~1)~! = ¢
and (qoq1) ™' =qp 'ar "

o division: of quaternions qo and ¢; is defined by

q/q1 = qoqy - @)

In addition to the pure quaternion algebra, two unary
functions are added by us as follows:

e grand: is a quaternion defined as
grand() = {z; = N(0,1) | fori =1...4}, (8)

where N(0,1) denotes a random number drawn from
a Gaussian distribution with zero mean and standard
deviation one. In other words, each component is
initialized with the random generated number.

e gzero: is a quaternion defined as

gzero() ={x; =0 | fori=1...4}, 9)

where each component of quaternion is initialized with
Zero.

These operations of quaternion algebra serve as a reach
basis for developing the different variation operators used in
swarm intelligence and evolutionary algorithms. In the rest
of the paper, the usage of these operations by developing
the operators within the new Bat algorithm with quaternion
representation of individuals, are presented in detail.

III. BAT ALGORITHM

The echolocation behavior of bats inspired Yang [22], [12]
by developing the Bat algorithm (BA). That means, bats
emit a sound pulse and listen to the echo bouncing back
from obstacles whilst flying. Bats are the only mammals
with wings. Although some species are not blind, they use
echolocation as their primary mechanism for orientation
towards a surface. Additionally, this mechanism serves as a
tool for finding their prey and discriminating different types
of insects.

In echolocation, three parameters are important, i.e., the
range of frequencies, the rate of pulse emission, and the
loudness. The frequency of pulse emission depends on the
prey’s size, i.e. the smaller the prey, the higher the frequency.
The rate of pulse emission speeds-up when the bats move
near their prey when hunting. The loudness is higher when
the bats are hunt for prey and lower when they are flying
homeward.

A. Original Bat algorithm

The echolocation behavior of bats can be formulated as a
new optimization algorithm, where this behavior is captured
into an objective function of an optimization problem to
be solved. However, the following approximations of bat
behavior are idealized during development:
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o All bats use echolocation to sense distance to target
objects.

o Bats fly randomly with the velocity v; at position z;,
the frequency Q; € [Qmin, @maz] (also the wavelength
Ai), the rate of pulse emission r; € [0, 1], and the loud-
ness A; € [Ag, Apmin]- The frequency (and wavelength)
can be adjusted depending on the proximity of their
target.

o The loudness varies from a large (positive) Ay to a
minimum constant value A,,;n.

Algorithm 1 Original Bat algorithm

Input: Bat population x; = (1,...,2:p)", pulse rate r, and
loudness A.

Output The best solution and fitness value finin = min(f(x)).
it_bat(); // initialize the bat population x;, velocity v; and

frequency Q;
2: best=best_bat();
best fitness frmin

/I obtain best solution and determine the

3: while ¢t < MAX_T do

4. for i=1 to Np do

5: Q; = adjust_freq_bat(); // adjust frequency values

6: y = move_bat(x;, v;); // update velocity and determine

a new position
: if N(0,1) > r; then

8: y = neigh_bat(best); // generate solution in neigh-
borhood of best

9: end if

10: frew = eval_bat(y); // evaluate the quality of solution

11: if frew < fi and N(0,1) < A; then

12: Xi; = Y; fi = fnew; !/ save the local best solution

13: end if

14: if frew < fmin then

15: best = Xi; fmin = frnew; // save the global best
solution

16: end if

17: adjust_parm_bat(¢,r, A); // adjust algorithm parameters

18: end for
19: end while

The pseudo-code of a BA algorithm is illustrated in
Algorithm 1. The BA algorithm starts with a population of
individuals x; = {z;;} fori=1...nand j=1...D with
elements x;; representing bat positions in the search space.
Hence, parameter Np denotes the number of individuals in
the population, whilst D is the dimension of the problem. In
addition, vectors of the pulse rate r and the loudness A both
of dimension D, are predefined. The task of this algorithm is
to find the optimal (minimal) value of the objective function
f(x) and the corresponding best solution. The original bat
algorithm consists of the following components:

o initialization (lines 1-2): initializing the bat population

x; = {x;;}, the velocity v = {v;}, and the frequency
Q = {Q;}. Then, the best solution is obtained and its
fitness f:n determined.

o« movement of visual bats (lines 5-6): firstly, the

frequency value (; is adjusted (function ’ad-
just_freq_bat’), then, velocity v; is updated, and fi-
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nally, new bat y at i-position is determined (function
’move_bat’).

o local search part (lines 7-9): solution y is generated
in the neighborhood of the current best solution ac-
cording to the proximity of pulse rate r;. The function
"neigh_bat’, therefore, can be viewed as a kind of local
search.

« evaluation of objective function (line 10): the function
“eval_bat’ is an implementation of objective function
f(x).

o loudness (lines 11-13): the parameter A; determines
a proximity within which the new better solution y
replaces the original less fitter solution x;. This step
is close to simulated annealing logic [15], where the
best solution is a new possible less fitter solution with
a predefined proximity.

« saving the best solution (line 14-16): the current solu-
tion y with a better fitness value replaces the current
best solution best and its fitness f,.

o adjusting the control parameters (line 17): control pa-
rameters, the rate of pulse emission r;, and the loudness
A; are updated.

Movement of virtual bats obeys the following equations:

Q(t) szn + (Qmaw szn)N(Oa 1)3
Vit = v 4 (Y — best)Q", (10)
x§t+1) _ th) + Vgt)7

where N(0,1) denotes a random number drawn from a
Gaussian distribution with zero mean, and standard deviation
one.

Note that this movement is close to the definition of
movement in particle swarm optimization which, next to the
second term in Eq. (10) identifying the distance to the global
best solution, also includes an additional term reflecting
the distance of the current solution to the local best. As
mentioned before, the local search part implements a kind of
random walk with direct exploitation, according to equation:

y® = best + A" (2 x N(0,1) — 1), (11)

where N(0,1) denotes a random number drawn from a
Gaussian distribution with zero mean and standard deviation
one, e is the scaling factor, and Agt) the loudness. Obviously,
the term inside the parenthesis provides that the random
generated number is spanned to interval [—1, 1].

The loudness Agt) and the rate of pulse emission rl(t)

can be changed during the search process. Naturally, the
loudness decreases and the rate of pulse emission increases
when a bat finds a prey. This characteristic can be formulated
in a Bat algorithm, using following equations:

Al(.t—H) = ozAEt), 7’1@ = T‘Z(O) [1—exp(—ye)], (12)



where « and +y are constants. Actually, the o parameter plays
a similar role as the cooling factor in a simulated annealing
algorithm, and controls the convergence rate [15].

B. Bat algorithm with a quaternion representation

The new Quaternion’s Bat algorithm (QBA) introduces
a novel representation of individuals using quaternions in
the original BA algorithm. The motivation behind using
quaternions was to avoid stagnation of the original BA
algorithm which is often accompanied by it. In line with
this, each 1-dimensional element of a real-valued solution
is represented by the 4-dimensional quaternion. Indeed, the
quaternion search space is explored when discovering the
original solution space. Although this search space is much
greater than the original solution space, it is expected that
the fitness landscape determined using quaternion’s norm
function is much smoother without many local optima and,
therefore, the global optimum could be easier to find.

The new QBA algorithm is similar to the original
BA algorithm except that the real-valued elements of
vectors v;,X;,y,best € R now become quaternions
Vi, q;, P, gbest € HP.

Similar to Algorithm 1, the QBat also starts with a
population of individuals q; = {¢;;} for ¢ = 1... Np and
j = 1...D with quaternions ¢;; € H representing the bat
position in the quaternion’s search space. Vectors of the
pulse rate r and the loudness A are also predefined by the
user. The task of this algorithm is to find the minimal value
of objective function f* = min(f(norm(gbest))), and the
corresponding best solution best = norm(gbest). Note
that the function norm(qgbest) maps the quaternion’s best
solution gbest into real-valued vector best.

Other components of the QBat algorithm are implemented
as follows. The population of quaternions is initialized
randomly as

a4 ={qij | ¢ij = qrand(); for i =1...4}, (13)
whilst the velocity is initialized with zero as
v; = {vi; | vij = qzero(); for i =1...4}. (14)

The movement of virtual bats is expressed in quaternions
algebra, as follows

Vit = vl 4 (g — best)QL”,

(t+1) (t)

(15)
q; = ql(‘t) TV

Note that QZ@ in Eq. (15) is calculated similarly to that in
Eq. (10). The local search part is now expressed as

p®tD) = best + €A N(-1,1), (16)

which is in essence Eq. (11) expressed in the quaternions
algebra. Formulation of the objective function depends on
the problem to be solved. Additionally, the QBA algorithm

uses a function span for mapping the quaternion into 1-
dimensional real vector defined as follows:
Ub; — Lb;

3 sin(norm(qi;)), for j=1...D,

a7)
where Ub; denotes the upper and Lb; the lower bounds
of the j-th quaternion, sin is sinus and norm the stan-
dard quaternion function. The sinus function normalizes the
quaternion norm to the interval in [—1,1] which must be
spanned to the interval [Lb;,Ub;] in order to satisfy the
constraints x;; € [Lb;, Ub;].

span(gi;) =

I'V. EXPERIMENTS AND RESULTS

The goal of our experimental work was to show that
quaternions can be appropriate for the representation of in-
dividuals in swarm intelligence and evolutionary algorithms.
The BA algorithm was used as a test-bed for demonstrating
this assumption by solving function optimization problems.
In line with our assumptions, it was expected that the new
QBA algorithm should improve the results of the original
BA algorithm significantly. On the other hand, the QBA
algorithm was compared with other swarm intelligence and
evolutionary algorithms, like ABC, and DE, in order to see
how competitive were the results achieved by using this new
representation.

The function optimization problem belongs to a class of
continuous optimization problems and is defined as follows.
Let us assume, an objective function f(x) is given, where
x = (x1,...,xp) is a vector of D design variables in a
decision space S. The design variables z; € {Lb;, Ub;} are
limited by their lower Lb; € R and upper bounds Ub; €
R. The task of optimization is to find the minimum of the
objective function.

In the rest of paper the test suite is described, the
experimental setup is defined, the configuration of PC, on
which the experiments were executed, is introduced, and the
results of experiments are illustrated in detail.

A. Test suite

The test suite consisted of ten functions, which were
selected from two references. The primary reference presents
Karaboga’s paper [13], in which the ABC algorithm was
introduced. The secondary reference was the paper of
Yang [21] that proposed a set of optimization functions suit-
able for testing the newly-developed algorithms. Actually,
the first five functions were taken from the first reference,
whilst the rest from the second reference.

The functions within the test suite can be divided into
unimodal and multimodal. The multimodal functions have
two or more local optima. The function is separable, when
the set of variables can be rewritten as a sum of the function
of just one variable. The separable and multimodal functions
are more difficult to solve. The more complex functions
are those that have an exponential number of local optima
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randomly distributed within the search space. The definitions
and characteristics of functions constituting the test suite are
defined in Tables I-1II, respectively.

Each function in the mentioned tables is tagged with its
sequence number from f; to fyo. Typically, the problem
becomes heavier to solve when the dimensionality of the
benchmark functions is increased. Therefore, benchmark
functions of more dimensions needed to be optimized during
the experimental work.

Table II
PROPERTIES OF BENCHMARK FUNCTIONS
[f ] ] x* [ Domain |
f1 0 (0,0,...,0) [—600, 600
fo 0 (0,0,...,0) —15,15
f3 0 (1,1,...,1) —15,15
fa 0 (0,0,...,0) [—32.768, 32.768
f5 0 (0,0,...,0) —500, 500
fe 0 (0,0,...,0) —600, 600
f7 -1 (m,m,...,m) [—27, 27
fs | -1.8013" | (2.20319, I 57049)1 [0, 7
fo 0 (0,0,...,0) [—2m, 27
fio 0 (0,0,...,0) [—5,10

The lower and upper bounds of the design variables
denote domains determining the size of the search space.
The wider this domain, the wider the search space. Note
that the domains were selected so that the search space
was wider than those proposed in the standard literature.
Another difficulty was represented by the dimensions of the
functions. Typically, the higher the dimensional function, the
more difficult to optimize.

B. Experimental setup

In this experimental study, the results of the following
algorithms were compared: BA, QBA, DE, and ABC. Ac-
tually, DE belongs to the evolutionary algorithms, whilst
the other algorithms are members of the swarm intelligence
community. In this paper as a termination condition, the
number of fitness function evaluations (FEs) was consid-
ered although the original algorithms use the number of
generations primarily. However, the population size is a
crucial parameter for all population-based algorithms that
have a great influence on their performance. In line with this,
extensive experiments had been run in order to determine the
most appropriate setting of this parameter by all algorithms
in the test. As a result, the most appropriate setting of this
parameter Np = 100 was considered during the experiments.

The specific BA parameters were set as follows: the
loudness Ag = 0.5, the pulse rate 7o = 0.5, minimum
frequency Qe = 0.0, and maximum frequency Qe =
0.1. The same parameters were also used for the QBA
algorithm because both algorithms are the same except in
representation of individuals.

Valid for 2-dimensional parameter space.
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The DE parameters were configured as follows: the am-
plification factor of the difference vector F' = 0.5, and the
crossover control parameter CR = 0.9. The percentage of
onlooker bees for the ABC algorithm was 50% of the colony,
the employed bees represented another 50% of the colony,
whilst one scout bee was generated in each generation (i.e.,
limits = 100, when the population size is Np = 100).

All the algorithms were run 25 times. The results from
the algorithms were accompanied according to five standard
measures, like: Best, Worst, Mean, StDev, and Median val-
ues.

C. PC configuration

All runs were made on HP Compaq using the following
configurations:

1) Processor - Intel Core i7-2600 3.4 (3.8) GHz
2) RAM - 4GB DDR3
3) Operating system - Linux Mint 12

All versions of the tested algorithms were implemented
within the Eclipse Indigo CDT framework.

D. Results

Our experimental work was led by the following subjects:

« what impact the dimensionality of problems had on the
results of QBA,

« how much the new representation of individuals using
quaternions improved the results of the original BA,
and

« what the obtained results of QBA implied when com-
paring them with the results of other optimization
algorithms, like DE and ABC.

In the rest of paper these subjects are quantified in detail.

1) Impact on the dimensionality of problems: In order to
show how the dimension of the problem affects the perfor-
mance of algorithms, the dimensions of the functions D =
10, D = 30, and D = 50 were taken into consideration.
In line with this, the maximum number of generations was
varied according to an expression MAX_T = 5000D/Np
in order to obtain a suitable number of fitness evaluations. In
our case, the number of fitness evaluations for D = 10 was
limited to 50,000, for D = 30 to 150,000, and for D = 50
to 250, 000 fitness evaluations.

The results of QBA algorithm optimizing ten test func-
tions are presented in Table III, from which it can be
seen that the QBA algorithm successfully found the global
optimum for functions fi, fa, fs, and f1p with dimension
D = 10. The global optimum was not found for functions
of higher dimensions (D = 30, and D = 50). On average,
those functions with higher dimension D = 50 were more
difficult to solve.



Table

I

DEFINITIONS OF BENCHMARK FUNCTIONS

[ f [ Function name | Definition
fi | Griewangk’s function f(x) =TI, cos (\[) + > b + 1
f2 | Rastrigin’s function f(x)=n+10+>" (27 — 10cos(2mz;))
fs | Rosenbrock’s function fx) = Z” 1100 (w541 — 27) + (z; — 1)2
fa Ackley’s function f(x) = (20 + 720702V 5tpated) 60'5(°°S(2”i+1HCOS(Q’””)))
f5 | Schwefel’s function f(x) ==418.9829 x D — Z , sisin(y/]sq])
fo | De Jong’s sphere function | f(x) = >7 a7
f7 | Easom’s function f(x)=—(-1)P (HD | cos”(z 2)) exp[— EZ (i —7)°]
fs | Michalewicz’s function f(x) = ZZ 1 sm(acl)[sin(T)}2 10
fo | Xin-She Yang’s function f(x) = (ZL 1 |1:1\) exp[ ZiD:I sin(z3)]
f10 | Zakharov’s function fx) = ZZ T+ (3 Zle ir:)® + (% S P ix)?
Table III
RESULTS ACCORDING TO DIMENSIONS
[ D [ Meas. | S ] f2 ] f3 ] Ja ] f5
Best 0.00E+00 | 0.00E+00 1.13E-01 | 4.44E-16 | 7.55E-01
Worst 0.00E+00 | 0.00E+00 1.13E-01 | 4.44E-16 | 7.55E-01
10 | Mean 0.00E+00 | 0.00E+00 1.13E-01 | 4.44E-16 | 7.55E-01
StDev 0.00E+00 | 0.00E+00 1.42E-17 | 0.00E+00 | 0.00E+00
Median | 0.00E+00 | 0.00E+00 1.13E-01 | 4.44E-16 | 7.55E-01
Best 7.76E-01 | 3.65E+01 5.68E+01 | 6.52E-01 | 4.11E+02
Worst 7.76E-01 | 3.65E+01 5.68E+01 | 6.52E-01 | 4.11E+02
30 | Mean 7.76E-01 | 3.65E+01 5.68E+01 | 6.52E-01 | 4.11E+02
StDev 3.40E-16 2.18E-14 1.45E-14 | 3.40E-16 | 0.00E+00
Median | 7.76E-01 | 3.65E+01 5.68E+01 | 6.52E-01 | 4.11E+02
Best 6.94E+00 | 2.15E+02 7.24E+04 | 6.09E+00 | 5.22E+03
Worst 1.07E+01 | 3.22E+02 1.43E405 | 7.15E+00 | 5.37E+03
50 | Mean 8.72E+00 | 2.67E+02 1.12E+05 | 6.59E+00 | 5.26E+03
StDev 8.75E-01 | 2.82E+01 1.95E+04 | 2.65E-01 | 3.92E+01
Median | 8.65E+00 | 2.70E+02 1.17E+05 | 6.53E+00 | 5.24E+03
D | Meas. fe fr fs fo f10
Best 0.00E+00 | -9.64E-01 | -3.94E+00 | 0.00E+00 | 0.00E+00
Worst 0.00E+00 | 0.00E+00 | 0.00E+00 | 0.00E+00 | 0.00E+00
10 | Mean 0.00E+00 | -9.64E-01 | -3.36E+00 | 0.00E+00 | 0.00E+00
StDev 0.00E+00 | 5.67E-16 2.38E-01 | 0.00E+00 | 0.00E+00
Median | 0.00E+00 | -9.64E-01 | -3.28E+00 | 0.00E+00 | 0.00E+00
Best 6.92E+01 | -3.27E-15 | -7.93E+00 | 5.78E-11 | 2.28E+00
Worst 6.92E+01 | 0.00E+00 | 0.00E+00 | 5.78E-11 | 3.21E+00
30 | Mean 6.92E+01 | -3.27E-15 | -7.72E+00 | 5.78E-11 | 2.66E+00
StDev 1.45E-14 1.61E-30 5.11E-02 | 3.30E-26 | 2.50E-01
Median | 6.92E+01 | -3.27E-15 | -7.71E+00 | 5.78E-11 | 2.62E+00
Best 2.36E+04 | -3.77E-53 | -1.06E+01 1.76E-17 | 1.11E+01
Worst 3.77E+04 | 0.00E+00 | 0.00E+00 | 1.63E-16 | 3.41E+01
50 | Mean 3.04E+04 | -6.80E-54 | -9.53E+00 | 7.68E-17 | 1.64E+01
StDev 3.39E+03 | 9.99E-54 3.76E-01 | 3.78E-17 | 6.48E+00
Median | 3.04E+04 | -1.67E-54 | -9.33E+00 | 6.84E-17 | 1.32E+01

2) Comparative study:

An intention of this experiment

pursued objectives. This analysis was substantiated using the

was twofold. Firstly, to show how the new representation
of individuals with quaternions can improve the results
of an original BA algorithm [23] by optimizing a suite
of ten test functions. Secondly, to show how good the
results obtained using the new QBA were when compared
with the other well-known algorithms, like ABC [13] and
DE [19]. Thereby, one experimental setup was designed
to run each algorithm on the function test suite, and then
the analysis of the results was made in the senses of both
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Friedman statistical tests for evaluating the obtained results.

The results of the experiments are illustrated in Table IV,
where the mean values and corresponding standard devia-
tions are presented according to ten functions (f; to fig)
and four algorithms (BA, QBA, DE and ABC). Note that
the results of the algorithms are kept into three groups
distinguished by the dimensions of the optimized function
(D = {10, 30,50}). The best results from the algorithms are
displayed bold in the table.



Table IV

COMPARING ALGORITHMS

F D BA QBA DE ABC
10 8.3E+00 £ 5.4E+00 | 0.0E+00 + 0.0E+00 1.5E+00 £ 2.3E-01 1.6E+00 + 8.4E-01
f1 30 7.9E+01 + 2.7E+01 7.8E-01 £ 3.4E-16 1.0E+00 £ 2.2E-02 1.IE+00 £ 1.2E-01
50 1.4E+02 + 3.2E+01 8.7E+00 £ 8.8E-01 1.0E+00 + 5.2E-02 1.4E+00 + 5.8E-01
10 1.5E+02 £ 6.5E+01 0.0E+00 £ 0.0E+00 7.0E+01 £+ 1.1E+01 4.7E+01 £+ 1.5E+01
f2 30 1.0E+03 + 3.3E+02 3.6E+01 + 2.2E-14 2.3E+02 £+ 1.3E+01 7.3E+01 + 2.2E+01
50 1.8E+03 + 4.5E+02 2.7E+02 + 2.8E+01 42E+02 + 1.7E+01 1.5E+02 £ 3.9E+01
10 1.6E+05 + 2.1E+05 1.1E-01 + 1.4E-17 2.4E+03 £+ 1.5E+03 1.6E+03 + 1.5E+03
f3 30 3.2E+06 + 1.8E+06 5.7E+01 + 1.5E-14 4.6E+02 + 2.3E+02 5.2E+02 + 4.7E+02
50 4.8E+06 £ 2.3E+06 1.1IE+05 £+ 1.9E+04 5.1E+02 + 2.5E+02 1.5E+03 £+ 1.1E+03
10 L.1E+01 &+ 2.4E+00 4.4E-16 £+ 0.0E+00 4.7E+00 + 5.6E-01 9.2E+00 £ 1.6E+00
fa 30 1.3E+01 £ 9.6E-01 6.5E-01 £ 3.4E-16 1.8E+00 £ 3.2E-01 7.2E+00 + 1.0E+00
50 1.4E+01 £ 8.4E-01 6.6E+00 + 2.6E-01 1.1E+00 + 2.6E-01 8.3E+00 £ 9.7E-01
10 2.2E+03 £ 3.7E+02 7.5E-01 £ 0.0E+00 1.8E+03 £+ 1.6E+02 1.0E+03 £ 1.6E+02
fs 30 8.9E+03 £ 4.0E+02 | 4.1E+02 £ 0.0E+00 7.6E+03 + 4.4E+02 2.6E+03 + 3.3E+02
50 1.6E+04 + 7.8E+02 5.3E+03 + 3.9E+01 1.4E+04 £ 3.4E+02 4.8E+03 + 4.2E+02
10 4.0E+04 £ 3.8E+04 | 0.0E+00 £ 0.0E+00 2.0E+03 £ 7.7E+02 2.5E+03 + 3.0E+03
fe 30 3.6E+05 + 9.2E+04 6.9E+01 + 1.5E-14 1.8E+02 + 7.1E+01 1.6E+02 + 2.0E+02
50 6.4E+05 + 1.7E+05 3.0E+04 + 3.4E+03 1.6E+02 £ 5.6E+01 4.2E+02 + 5.5E+02
10 -2.2E-02 £+ 1.1E-01 -9.6E-01 £ 5.7E-16 -6.7E-01 £+ 1.1E-01 -2.2E-03 &+ 1.1E-02
fr 30 -6.7E-18 4+ 3.4E-17 -3.3E-15 + 1.6E-30 | -2.8E-175 + 0.0E+00 | -1.8E-136 + 8.8E-136
50 -3.6E-27 + 1.8E-26 -6.8E-54 + 1.0E-53 0.0E+00 £ 0.0E+00 -3.2E-261 £ 0.0E+00
10 -5.9E+00 + 8.9E-01 -3.4E+00 + 2.4E-01 -5.2E+00 + 4.7E-01 -7.4E+00 £ 3.7E-01
fs 30 | -1.4E+01 &£ 1.7E+00 | -7.7E+00 £ 5.1E-02 -1.1E+01 % 6.7E-01 -2.3E+01 £ 7.0E-01
50 | -2.1E+01 &£ 2.6E+00 | -9.5E+00 £ 3.8E-01 -1.5E+01 + 6.7E-01 -3.7E+01 + 8.6E-01
10 1.3E-03 £ 4.6E-04 | 0.0E+00 £ 0.0E+00 2.4E-03 £+ 2.2E-04 9.2E-04 £ 1.6E-04
fo 30 2.5E-11 £ 3.7E-11 5.8E-11 £ 3.3E-26 2.5E-11 £+ 1.2E-12 1.1E-11 + 1.9E-12
50 7.8E-20 + 1.3E-19 7.7E-17 + 3.8E-17 1.3E-19 4+ 7.9E-21 3.4E-17 £+ 6.8E-18
10 4.1E+01 £ 2.8E+01 0.0E+00 £ 0.0E+00 2.8E+00 £ 9.7E-01 3.5E+01 £ 1.1E+01
f1o 30 2.5E+02 + 2.0E+02 2.7E+00 + 2.5E-01 3.8E+01 + 8.7E+00 2.5E+02 + 3.2E+01
50 8.8E+02 £ 2.9E+02 | 1.6E+01 + 6.5E+00 1.8E+02 £ 3.0E+01 5.6E+02 + 4.5E+01

The Friedman test [8], [9] compares the average ranks of
the algorithms. A null-hypothesis states that two algorithms
are equivalent and, therefore, their ranks should be equal.
If the null-hypothesis is rejected, i.e., the performance of
the algorithms is statistically different, the Bonferroni-Dunn
test [3] is performed that calculates the critical difference
between the average ranks of those two algorithms. When
the statistical difference is higher than the critical difference,
the algorithms are significantly different. The equation for
the calculation of critical difference can be found in [3].

Friedman tests were performed using the significance
level 0.05. The results of the Friedman non-parametric test
are presented in Fig. 1 being divided into three diagrams that
show the ranks and confidence intervals (critical differences)
for the algorithms under consideration. The diagrams are
organized according to the dimensions of functions. Thus,
the better as the algorithm, the nearer to the rank one.
Two algorithms are significantly different if their intervals
in Fig. 1 do not overlap.

The first diagram in Fig. 1 shows that the QBA algorithm
outperforms all the other algorithms in the test. Moreover,
the results of QBA are significantly better than the results
of all the other algorithms in test. In the second graph,
the QBA still improves the results of the other algorithms,
but this difference is significant only when comparing with
the results of the original BA algorithm. Finally, the third
graph shows that the best results are obtained by DE. In
summary, QBA outperformed the results of BA significantly
regarding all three observed dimensions of the benchmark
functions that confirmed our assumption before conducting
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the experiments.

E. Discussion

In summary, we showed that the new representation
of individuals with quaternions improves the behavior of
original BA significantly when optimizing the selected test-
suite of functions. On the other hand, the results of QBA are
comparable with the results of the other well-known swarm
intelligence and evolutionary algorithms, like ABC and DE.
Anyway, in the future there should more tests be conducted
using more complex benchmark function families like CEC
or BBOB in order to show the power of quaternions in
optimization.

V. CONCLUSION

This paper proposed a modified bat algorithm using
quaternion representation of individuals. Quaternions are
especially appropriate for programming the video games and
controllers of spacecraft, where it is necessary to compute
rotations with minimal computation effort. Especially use-
ful, they have been applied to the problems of theoretical
physics. Here, the quaternions are used for optimization
purposes.

Designing the new representation also demands the defin-
ing of the appropriate search operators. There, using the well
defined quaternions algebra is inevitable. In order to show,
that this algorithm can also be applied to the optimization
of higher-dimensional functions, the new representation with
quaternions was implemented within the original BA algo-
rithm. The new QBA was significantly improved the results



ABC -
DE - - -
QBA - - -
BA - e
1 2 3 4 1 2 3 4 1 2 3 4

Average rank (D=10)

Figure 1.

of BA by optimizing the benchmark function suite. More-
over, the obtained results were comparable with the results
of other well-known swarm intelligence and evolutionary
algorithms, like ABC and DE.
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